
Undetermined Coefficients. Solutions. 

 

Directions: Do one step, and then pass it along to the next student.  You do not have to solve the 

entire problem.  If you see a mistake, correct it.  If you are not sure, discuss.  I will check back. 

 

Solve the problem below.   

 

1. 𝑦′′ − 5𝑦′ − 24𝑦 = 3 sin 𝑥 + 2 cos 7𝑥 

 

Since the characteristic equation is 𝑘2 − 5𝑘 − 24 = 0, the solution to the homogeneous problem 

is 𝑦ℎ = 𝑐1𝑒8𝑥 + 𝑐2𝑒−3𝑥.  This does not match the forcing function, so our Ansatz is 𝑦𝑝 =

𝐴 sin 𝑥 + 𝐵 cos 𝑥 + 𝐶 sin 7𝑥 + 𝐷 cos 7𝑥. 

 

𝑦𝑝
′ = 𝐴 cos 𝑥 − 𝐵 sin 𝑥 + 7𝐶 cos 𝑥 − 7𝐷 sin 7𝑥,  

𝑦𝑝
′′ = −𝐴 sin 𝑥 − 𝐵 cos 𝑥 − 49 sin 7𝑥 − 49 cos 7𝑥 

 

−𝐴 sin 𝑥 − 𝐵 cos 𝑥 − 49 sin 7𝑥 − 49 cos 7𝑥 −  5𝐴 cos 𝑥 + 5𝐵 sin 𝑥 − 35𝐶 cos 𝑥 + 35𝐷 sin 7𝑥
− 24𝐴 sin 𝑥 − 24𝐵 cos 𝑥 − 24𝐶 sin 7𝑥 − 24𝐷 cos 7𝑥 = 3 sin 𝑥 + 2 cos 7𝑥 

 

sin 𝑥 : − 25𝐴 + 5𝐵 = 3 

cos 𝑥 : − 5𝐴 − 25𝐵 = 0 

sin 7𝑥 : − 73𝐶 + 35𝐷 = 0 

cos 7𝑥 : − 35𝐶 − 73𝐷 = 2 

 

𝐴 = −
3

26
, 𝐵 =

3

130
, 𝐶 = −

35

3277
, 𝐷 = −

73

3277
 

 

So, 𝒚𝒑 = −
𝟑

𝟐𝟔
𝐬𝐢𝐧 𝒙 +

𝟑

𝟏𝟑𝟎
𝐜𝐨𝐬 𝒙 −

𝟑𝟓

𝟑𝟐𝟕𝟕
𝐬𝐢𝐧 𝟕𝒙 −

𝟕𝟑

𝟑𝟐𝟕𝟕
𝐜𝐨𝐬 𝟕𝒙. 

 

Thus 𝒚 = 𝒄𝟏𝒆𝟖𝒙 + 𝒄𝟐𝒆−𝟑𝒙 −
𝟑

𝟐𝟔
𝐬𝐢𝐧 𝒙 +

𝟑

𝟏𝟑𝟎
𝐜𝐨𝐬 𝒙 −

𝟑𝟓

𝟑𝟐𝟕𝟕
𝐬𝐢𝐧 𝟕𝒙 −

𝟕𝟑

𝟑𝟐𝟕𝟕
𝐜𝐨𝐬 𝟕𝒙 

 

2. 𝑦′′ + 2𝑦′ + 5𝑦 = 𝑥2 + 𝑒−𝑥 

 

The homogeneous solution is 𝑦ℎ = 𝑐1𝑒−𝑥 sin 2𝑥 + 𝑐2𝑒−𝑥 cos 2𝑥.  The forcing function is not 

one of these terms, so your Ansatz is 𝑦𝑝 = 𝐴𝑥2 + 𝐵𝑥 + 𝐶 + 𝐷𝑒−𝑥.  𝑦𝑝
′ = 2𝐴𝑥 + 𝐵 − 𝐷𝑒−𝑥,

𝑦𝑝
′′ = 2𝐴 + 𝐷𝑒−𝑥. 

 

2𝐴 + 𝐷𝑒−𝑥 + 4𝐴𝑥 + 2𝐵 − 2𝐷𝑒−𝑥 + 5𝐴𝑥2 + 5𝐵𝑥 + 5𝐶 + 5𝐷𝑒−𝑥 = 𝑥2 + 𝑒−𝑥 

 

𝑥2: 5𝐴 = 1 

𝑥: 4𝐴 + 5𝐵 = 0 

1: 2𝐴 + 2𝐵 + 5𝐶 = 0 

𝑒−𝑥: 4𝐷 = 1 

𝐴 =
1

5
, 𝐵 = −

4

25
, 𝐶 = −

2

125
, 𝐷 =

1

4
 



 

So, 𝑦𝑝 =
1

5
𝑥2 −

4

25
𝑥 −

2

125
+

1

4
𝑒−𝑥.   

And thus 𝒚 = 𝒄𝟏𝒆−𝒙 𝐬𝐢𝐧 𝟐𝒙 + 𝒄𝟐𝒆−𝒙 𝐜𝐨𝐬 𝟐𝒙 +
𝟏

𝟓
𝒙𝟐 −

𝟒

𝟐𝟓
𝒙 −

𝟐

𝟏𝟐𝟓
+

𝟏

𝟒
𝒆−𝒙. 

 

 

3. 𝑦′′ + 8𝑦′ = 𝑥 − cos 𝑥 

 

Since the solutions to the homogeneous equation are 𝑘 = 0, 𝑘 = −8, the homogeneous solution 

is 𝑦ℎ = 𝑐1 + 𝑐2𝑒−8𝑥.  Since our initial Ansatz for 𝑥 is 𝐴𝑥 + 𝐵, and the 𝐵 is a copy of the 

homogeneous solution, multiply the guess by 𝑥.  Following that, the Ansatz becomes 𝑦𝑝 =

𝐴𝑥2 + 𝐵𝑥 + 𝐶 sin 𝑥 + 𝐷 cos 𝑥.  𝑦𝑝
′ = 2𝐴𝑥 + 𝐵 + 𝐶 cos 𝑥 − 𝐷 sin 𝑥 , 𝑦𝑝

′′ = 2𝐴 − 𝐶 sin 𝑥 −

𝐷 cos 𝑥. 

 

2𝐴 − 𝐶 sin 𝑥 − 𝐷 cos 𝑥 + 2𝐴𝑥 + 𝐵 + 𝐶 cos 𝑥 − 𝐷 sin 𝑥 =  𝑥 − cos 𝑥 

 

𝑥2: 0 = 0 

𝑥: 2𝐴 = 1 

1: 2𝐴 + 𝐵 = 0 

sin 𝑥 : − 𝐶 − 𝐷 = 0 

cos 𝑥 : 𝐶 − 𝐷 = −1 

 

𝐴 =
1

2
, 𝐵 = −1, 𝐶 = −

1

2
, 𝐷 =

1

2
 

 

So, the particular solution is 𝑦𝑝 =
1

2
𝑥2 − 𝑥 −

1

2
sin 𝑥 +

1

2
cos 𝑥, making the solution 𝑦 = 𝒄𝟏 +

𝒄𝟐𝒆−𝟖𝒙 +
𝟏

𝟐
𝒙𝟐 − 𝒙 −

𝟏

𝟐
𝐬𝐢𝐧 𝒙 +

𝟏

𝟐
𝐜𝐨𝐬 𝒙. 

 

 

 

 


