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Math 2568, Exam #3 — Part 1, Summer 2013

Instructions: On this portion of the exam, you may NOT use a calculator. Show all work. Answers must
be supported by work to receive full credit.

1. Find the eigenvalues and eigenvectors of the matrices below. Be sure to clearly indicate the
characteristic equation, and which eigenvalues and eigenvectors go together. (12 points)

a. A=[—53 _71] o
("3\7\) (- \=A) =35 = 2, 4+ + NEAT 5N
N+4N -32=0
(ArO-1)=0 A= "% M H .
— ¢ - s S, = ~Ara =2 X\'=~7S—)(L ’\7_5:2: j
[P% a ?(-e;} [SS ?1 S ~ s

< i X = Yo

1 :r] T = THra 3 - [“\k
s 75 X = Ko z \
X’L: X"—

b. B=[:‘5‘ _54]
=~ N2 &N +41=0
(N =Ry +2S = e TRATR S = T

e _ Moo —% T 10 ~ax sy
A= ~& T ubd-4 IO BEN "o o %; R
” Z’ "2—’ ’ e e Ne RNEO 'y '-(
- faes) S 1 s ll - SK, TSI ke ( . —5\?/23
' —g s Yy T " e P -
-5 Y- U145 - ﬂ: 5:W‘W«W5© =L

7= (715180 L
W = Ul: ME yo]



2. Forthe matrix A = [(3) 421-]' with eigenvaluesid; = 3,1, = 2 and eigenvectors v; = [(1)] Uy = [_43],

find a similarity transformation matrix P so that A can be diagonalized. Clearly state both P and D.
(6 points)
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3. Suppose matrix A is a 8x6 matrix with 4 pivot columns. Determine the following. (12 points)

:
dim Col A = ﬂ dim Nul A = _a’_

/
dim Row A = / If Col Ais a subspace of R™, thenm=__ <

Rank A = "r'/'_ If Nul Ais a subspace of R", thenn=_ [
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4 ] find the following.
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C. A unit vector in the direction of %. (3 points)
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d. Find the distance between i and ¥. (3 points)
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e. Arel and ¥ orthogonal? Why or why not? (3 points)
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5. Consider the stochastic Markov chain matrix given by the matrix A :{ } . Calculate the

equilibrium vector of the system. (6 points)
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List at least 8 properties of invertible Matrices from the Invertible Matrix Theorem. (8 points)
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7. Determine if each statement is True or False. (2 points each)
a, F~ Two eigenvectors corresponding to distinct eigenvaluesare always
linearly independent.
!
b. @ An nxn matrix will always have exactN/ n eigenvalues.
‘ \
C. @ F " If Aand B are row equivalent, then th;eir row spaces are the same.
d. @ F Peep = (Ppg)™
e. @ A linearly independent setin a subspa;ce H is a basis for H.
|
\
f. @ The equilibrium vector for a stochastic matrix (containing no 1s or 0Os) is
always unique.
g. @ A matrix is not invertible if and only ifio is not an eigenvalue of A.
h, @ The eigenvalues of a matrix are on its%main diagonal.
|
i © The eigenspace of an nxn matrix with %n distinct eigenvalues always form
a basis for R" .
j- @ F A trajectory of a dynamical system is a set of ordered vectors X, that
tracks the popuiation values ofg systei-m over time.
\
1
k. T @ The elementary row operations of A do not change its eigenvalues.
|
: |
i T @ If Ais diagonalizable, then A is invertible.
|
m. @ F The complex eigenvalues of a dlscrete dynamical system elther both

attract to the origin or both repel from the origin.



Name
Math 2568, Exam #3 — Part 2, Summer 2013

Instructions: On this portion of the exam, you may use a calculator to perform elementary matrix
operations. Support your answers with work (reproduce the reduced matrices from your calculator) or
other justification for full credit.

1. a. Forthe matrix B = [ig %g], with eigenvalues A = 21 + 4i, with eigenvectors ¥ = [ﬂ + [";)2] i.

Find one similarity transformation P that will transform B=PCP™, where C is a scaled rotation matrix.
State both P and C. (6 points)
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b. Use the C matrix from part a, and find the scaling factor and then calculate the angle of rotation
of the matrix. Round your angle to 2 decimal places in radians, or to the nearest whole degree.
(6 points)
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1 2 -1 2 0
2 4 -5 1 2
12 0 3 1
36 -1 8 1
Find a basis for the column space of A. (5 points)

2. Assume that 4 =

a.
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b. Find a basis for the row space of A. (5 points)
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¢. Find a basis for the null space of A. (8 points)
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3. GiventhebasesB = {1+t —2t%1+4t—5t%,1—t+4t2}and C = {2 —t + 22,1 — 2t +

3t2,t + 2t} below, find the change of basis matrices P;; and PC . For the B-coordinate vector
e He
1

;) given as [}3]3 =| 4 |, find the C-coordinate vector for E;; , and find the original p(t) in the
-3

standard basis. (8 points) )
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4. Consider the discrete dynamicai system given by the matrix A =|: } .

-22 1.25

Determine the behaviour of the origin for this system: is it a repeller, an attractor or a
saddle point? (7 points)
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b. Given the initial condition of the population as x, = 1 , find 10 points of the trajectory for
| L )

the system and list them here. Plot the points on a graph together with the eigenvectors of

the system. Make sure your graph is big enough to clearly read it. Connect the trajectory
with a curve and an arrow indicating the flow of time. (10 points)
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5. Determine if the polynomials f(x) = sir;\x,g(x) = sin 2x arelorthogonal under the inner product
<f,g>= ffnf(x)g(x)dx. [Hint: You may find it helpful to have the identity si:@) =

2 sin(x) cos(x) to complete the integration. You may use your calculator to check your work, but

you should show more than just an answer.] (6 points)

> Fin2x= 2 HNRCLOX
N, R -
i\___.,' oo _,f ] U\%
b= Swix 2 W doe T 2%
= can x
P 2
Z s x| :5@‘"61: O

(



