4/16/2024
Calculus of Parametric Equations (and Vectors)
Derivatives of parametric equations (and vectors)

Example:
Consider the set of parametric equations given by
x()=t>’—-1,yt)=t3+1
() =(t?-1,t3+1)
x'(t) = 2t,y'(t) = 3t
7' (t) = (2t, 3t?)

Find the equation of the tangent to the graph whent = 2
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Points on the original curve:
x(2)=(2)?-1=3
y2)=2)P+1=9
y—y1 =mx —xq)
y—9=3(x—-3)
y—9=3x—-9
y =3x

x()=t>’—-1,y@t)=t3+1

x=t>-1
x+1=t?
Vx+1=t

3
y=x+1)2+1
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What about the second derivative?
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For each additional derivative | take in parametric form (the derivative for y in terms of x), | take the
derivative with respect to t of the previous derivative, and then divide the result by another x’(t).

Things that are still true when working with derivatives in parametric form:

d L . dy . )
When d—z = 0, the slope of the tangent line is horizontal. When % is undefined, the slope of the tangent
line may represent a cusp, or it may represent a point where the graph have a vertical tangent.

When the second derivative is 0, that is an inflection point (or undefined), which is a place where the
curvature changes.

Vector-valued functions?
7' (t) = (2t, 3t?)
If we take the derivative of a vector, we get a vector. The derivative is itself a vector: is the vector of the

tangent line

In parametric form, we can create an equation of the tangent line:
t =2,7(2) =(2(2),3(2)%) = (4,12) = (Ax, Ay)

We can create a line in parametric form, but the equations x(t) = Ax(t) + xo, y(t) = Ay(t) + v,
T(t) = (4t + 3,12t + 9)

Magnitude of the vector:

17Ol = VIO + [y(O]% = /(t2 — 12 + (£3 + 1)2

17Ol = VIx' ©12 + [y’ ()] = J(2t)% + (3t2)2 = \/4t2 4+ 9t*

The magnitude of the derivative is related to the length of the curve (the arclength).

Parametric Functions and integration:

What if | want to find the area under a parametric curve?

b
A =j y(®)x'(t)dt

A common parametric curve is a cycloid:
x(t) =t —sint,y(t) =1—cost,t € [0,27]
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2T
f (1—cost)(1—cost)dt=f 1—2cost+cosztdt=f
0 0

1
1—2cost+ (E) (1 + cos2t)dt =
0

f2n3 2 t+1 2tdt—3t 2't+1'2t2n—3(2)—3
. 2 COS 2COS —2 Sin 451n . —2 T) = oTT

Arclength

Parametric form:
bolrdx\?  rdy\*
= [ ) ()
a dt dt

In vector-valued function form:

b b
5= j 17 (©)ldt = f JOF + ' Ot

a a

Example.
Find the arc length of the curve x(t) = 3cost,y = 3sint,0 <t < 2m

2T 21

2T
s= \/(—3sint)2+(3cost)2dt=f \/9sin2t+9cosztdt=f 3/sin2 ¢ + cos? t dt =
0 0 0

21
f 3dt =3t|3" = 6n
0

C =2nr =2n(3) =6m
Example.
Find the length of arc on the curve x(t) = t2 — 1, y(t) = t3 + 1 on the interval [0,2]

7(t) = (t2 — 1,t3 + 1), 7' (t) = (2t, 3t?)

2 2 2 2
s:J 17 (Ol dt=f \/4t2+9t4dt=f ,/t2(4+9t2)dt=f ty/ (4 + 9t?)dt
0 0 0 0

Integrate by substitution



1
u=4+9t%du= 18tdt,ﬁdu = tdt
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Surface areas of revolution from parametric curves (here, we will rotate around the x-axis)

SA = 27rf y(t) /( )2 ((cilt) dt = 27rfby(t)\/[x’(t)]2 + [y’ (t)]?dt

For rotating around the y-axis:

5A=2nfa NO ( ) (Ccli)t,) dt

If you rotate a circle around its central axis, you get a sphere.

Find the surface area of revolution for the curve given by (x)t = 3 cost,y(t) = 3sint,t € [0, 7]

T s

3sint (3)dt = 187rf sint dt =
0

Vs
SA = an 3sint+/(—=3sint)2 + (3 cos t)2dt = 2nf
0 0

187[— cos(t)]§ = 18n[1 — (—1)] = 367

SA = 4nr? = 4n(3)%? = 36m



