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Product Rule, Quotient Rule, Chain Rule
Higher Order Derivatives

Last time we talked about basic rules for simple standalone functions, and their sum and difference.
Power rule (polynomial, rational and radical functions), exponential, logarithmic functions.

Product rule
f9)' =f'g+4g'f
h(x)=(x3+x)? =3 +x)(x3+x)
Algebra first:

h(x) = x® + 2x* + x2
h'(x) = 6x° + 8x3 + 2x

f(x) g(x)
x3+x , x3 +x
f'(x) | g'(x)
3x2 +1 | 3x2 +1

flg'=Bx?2+1)Bx?+1)=9x*+6x% +1
Which is not what | got before. So this doesn’t work.

flg+g f=034+x)0Bx2+1)+GBx2+1D(x3+x) =

3x° + 23 +3x3 +x +3x5 + x3 + 3x3 + x = 6x° +8x3 + 2x
That does equal what we got when we FOlLed first. So this is the correct formula.

Example.
Find the derivative of h(x) = (x* — Vx) (x3 + 2x — i)

1 1
fx) =x*—+Vx =x*—x2 g(x)=x3+2x—;=x3+2x—x‘1

1 1 1
f’(x)=4x3—§x 2 =4x3 ——— g’(x)=3x2+2+x‘2=3x2+2+ﬁ

h’(x)=<4x3—2—)(x3+2x—%)+(3x2+2+ 1>(x4—\/§)

x2

Example.
Find the derivative of h(x) = x%e*

fx) = x? | g(x) = e*

f'(x) =2x B g'(x) =e*




h'(x) = x%e* + 2xe*

Example.
Find the derivative of h(x) = 3*Inx

f(x) =3* ! g(x) =Inx

f'(x) = (In3)3% T

h'(x) = 3% (%) + (In3)3*Inx

Quotient Rule

(i)' _fl9-9f
g g°
Example.
Find the derivative of h(x) = 2;:1
f(x)=2x+1 \ g) =x-3
f') =2 | g () =1
h( )_Z(X—3)—(1)(2x+1) 2x—6-2x—-1_ -7
o (x — 3)? T (x—=3)2%2  (x-3)2
Example.
5 2
Find the derivative of h(x) = — =
x°+x—1
fx) =x°+x? gx)=x3+x—1

f'(x) = 5x* + 2x g (x)=3x*+1

Gx*+20)(x3+x—1) — Bx2 + 1)(x° + x?)

h'(x) =
) (x3 4+ x—1)?
Example.
Find the derivative of h(x) = —
Inx
fx) =e* glx) = lnlx
"(x) =e* ,
f') g'(x)= o




b
(exlnx—%) exlnx—e;c—x
h'(x) = =
) (Inx)? In2 x
Example.
2,X
Find the derivative of h(x) = x3e
T3
F(x) = x2e® L glx)=x3-3
F(x) = x? | G(x) =e” | g'(x) = 3x*
F'(x) = 2x | GC'x)=e*
f'(x) = x?e* + 2xe*

(x%e* + 2xe*)(x3 — 3) — (3x2)(x%e¥)
(x3 —3)?

h'(x) =

Chain Rule.
The chain rule is for doing derivatives of composite functions: f(g(x)) = (fog)(x)

Example. h(x) = (x* — x)’
f)=x",9(x) =x*—x

Example. h(x) = eVx
Example. h(x) = In(e* + 1)
Example. h(x) = e?*
Chain rule: h(x) = f(g(x)),h’(x) = f’(g(x))g’(x)
Find the derivative of h(x) = (x* — x)7 = (something)’
h'(x) = 7(something)®(something)’ = 7(x* — x)®(4x3 — 1)
Find the derivative of h(x) = (x3 + x)?
h'(x) = 2(something)*(something)’ = 2(x3 + x)(3x% + 1) = 2(3x> + x> + 3x3 + x)
= 6x° + 8x3 + 2x
Example. Find the derivative of h(x) = In(e* + 1)

1 1 e*

h) = stuff (stuff)' = eX +1 (e®) = e*+1

Example. Find the derivative of h(x) = e?*



h'(x) = e?*(2x)" = 2e%*

Example. Find the derivative of h(x) = eVx

h \/E \/_ ! \/E(l 1 eﬁ
') =e x) =e —x_f)=—
(x) (Vx) > T
1
Example. Find the derivative of h(x) = Ve* — x = (e* — x)3
e*—1

1 2
W) =5(e*—x) 3(e*—1) =

33/ (e* — x)?

Example. Find the derivative of h(x) = =2(x2+1)"°

_2
(x2+1)5
20x

W@ =20-5)0" + D720 = ~ 5 ys

C) =y =rwn+@r=rat-g2gs

gf _fg_9f_fg-9f

g* g* g° g°

r
9
Combinations of product/quotient and chain rules

2
Example. Find the derivative of h(x) = e*" (x* — x3)8

flx) = e*’ | g(x) = (x* —x3)®

f(x) = eX’ (x?) = 2xe* | g'(x) = 8(x* — x*)7(4x* — 3x?)

h'(x) = (2xe"2)(x4 — x3)8 4+ 8e¥” (x* — x3)7(4x3 — 3x2)

2
Example. Find the derivative of h(x) = %
f(x) =In(x?+ 10) | = g =x"+1
2x ' "(x) = 7x°
! — 2 10 [ g
fO =g 10 =gy |

((x7 +1) (x22+—x1o) — (7x) In(x? + 10))

(x7 +1)2

h'(x) =



Example. Find the derivative of h(x) = |22 = (536_6)E

3x+4  \3x+4
oo = (BT By LB By
ot e
W) = % (zi + zf [5(3x +(;L))C - iggx - 6)]

1 1
— — 5 —&\2 1 1
Example. Find the derivative of h(x) = fsx © = (Sx 6)2 = 6= 6)i =GBx—6)23x+4)2

3x+4 3x+4 (3x+4)2

Multiple chains.

Fx) = f (9(h(x)))

1 10
Find the derivative of F(x) = (eE —In(x3 + es"))

F(x) = (something)*°

9 1

1 1
F'(x) = 10(something)®(something)’ = 10 (eE —In(x3 + esx)) (ef —In(x3 + esx))

1
G(x) = ex —In(x3 + e°%)

G' _%l,_ 1 3+ Sx)r_%_l_ (32_|_55x)
(x)=e . —x3+e5x(x e =e 2Z) e x e

DRCEEEREE

(x3 + e>¥) = 3x% + 5e>*

9

4 1 3 5x 1 1 1 2 5x
F(x)=10(eX—ln(x +e )) [eX<—x—2)—m(3x + 5e°%)

Example.
Find the derivative of F(x) = In*(x3 — e11%) = [In(x3 — el 1¥)]*

F'(x) — 4[ln(x3 _ el.lx)]3(1n(x3 _ el.lx))l — 4[ln(x3 _ el.lx)]3 (x3 _131.1x (X3 _ el.lx)l) —



1
4[111()(,'3 - el'lx)]3 <m (3X2 - 1.161'1x)>

Higher Order Derivatives.
Derivatives of derivatives...

First derivative — take the derivative one time, f'(x),y’, g

Second derivative — take the derivative twice, take the derivative of the derivative, f"' (x), y”,%
Third derivatives — take the derivatives of the second derivative, ' (x), y"',%

Fourth derivative — take the derivative of the third derivative, £V (x), f® (x),%

Nth derivative — take the derivative n times, f ™ (x)
1
Example. Find the fifth derivative of f(x) = x8 —x3 + x — x5 + 4x71
1 _2
f'(x)=8x" —3x?+1 —3x 3= 4x~?
2 _5
f"(x) = 56x°— 6x + g% 3 +8x73
nr 5 10 —§ —4
f""(x) = 336x —6—ﬁx 3 —24x
80 _11
fV(x) = 1680x* tgrX 3t 96x~°
fV(x) =6720x3 — @x_% — 480x~°
B 243
Position for the original, velocity is the derivative, acceleration is the second derivative

The first derivative being positive indicates that the original function is increasing, while the first
derivative being negative indicates that the original function is decreasing.

The second being positive means that the graph is bowl-shaped facing upward. The second derivative
being negative means the graph is bowl-shaped facing downward.

Maxima and minima can occur when the derivative is zero. Inflection points when the second derivative
is 0.



