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Unit 9: Introduction to Systems

Rabbits and Foxes

Most species live in interaction with other species. For example, parhaps one species preys on another
species, like foxes and rabbits. Below is a system of rate of change equations intended to predict
future populations of rabbits and foxes over time, where R is the po
for example) of rabbits at|any time ¢t and F is the population of foxes at any time ¢ (in years).

4R _ 3R _14RF
dt
dF
Pl —F 4+ 0.8RF

pulation (in hundreds or thousands,

1. (a) In earlier work with the rate of change equation 5’3—; = kP we assumed that there was only
one species, that the resources were unlimited, and that the species reproduced continuously.

Which, if any, lof these assumptions is modified and how
above system of differential equations?

mone Hoam one Jpeeces, jyﬁmmw are nof

(b) Interpret the meaning of each term in the rate ol change
or make sense of the —1.4RF term) and what are the implications of this term on the future
predicted populations? Similarly for 3R, —F, and 0.8RF.
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2. (a) Scientists studying a rabbit-fox population estimate that
(scaled appropriately) and that the scaled number of foxes i8 1. Use two steps of Euler’s method

with step size of 0.5 to get numerical estimates for the fu
predicted by the differential equations.
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is this modification reflected in the

uations (e.g., how do you interpret

the current number of rabbits is 1

ure number of rabbits and foxes as
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(b) What arc some|different two dimensional and three dimensional ways to graphically depict your
(t, R, F) values’
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Unit 9: Introduction to Systems

Three Dimensionial Visualization

3. O A crop duster plane with a two blade pro

eller is rolling down a runway. On

the end of one of the propeller blades, which are rotating clockwise at a slow constant speed, is a
noticeable red paint mark. Imagine that for the first several rotations of the propeller blades the red

mark leaves a “trace” in the air as the plane makes its way do

(a) Simulate this scenario over time with a pipe cleaner. On
y, and t axes, .g!ketch what Angler, Sider, Ironter, and To
they could alwimys see the red mark. What view do you th

the runway.

appropriate combinations of the =z,
er would ideally see assuming that
k is best and why?

Topper is directly above

| moving with the aii

=y

J

' |

Angler -i—
0 behind and l)ff to the Sider is on the runw
side of the airplane -iv moving with the airpl
moving with the airplanc - from the side

Sketch your idﬁ as for cach of the following:

(b) What if there was another paint mark on other end of the
observers see thenf How does the trace of this mark relate

M&hgwl Same of 2 dofs

Sbdi pack Lach othn |

! -[- the runway in a hot air balloon
: plane

Fronter -|n-

is on a truck moving O

at the same speed
as the airplane

v

oropeller, what, ideally, do the four
to the previous trace?

(¢c) What if there was a paint mark on the center of the propéller blade mechanism. What do the

observers ideally see then?

a dof hmenX v ho movemend

|

(d) How ideally wauld each observer see all of the above paint

marks simultaneously?
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Unit 9: Introduction to Systems

4. (a) For the system of differential equations from problem 1,

B n  1ARF
dt

13
& kL osRF
(i

consider the perspectives of Angler, Sider, Fronter, and Topper. What are the coordinate axes

that correspond| to each?
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(b) Use the GeoGebra applet https://ggbm.at/U3U6MsyA to
number of rabbits and foxes if at time 0 we initially have 1
ately). Generate and reproduce below the perspectives of
from the crop duster problem.

5]k =
il A
=]

(Ceeete  soak,

or Rt
MM%J_

generate predictions for the future
tabbit and 3 foxes (scaled appropri-
Angler, Sider, Fronter, and Topper

(c) Use the same GeoGebra applet from problem 4b to experiment with different initial conditions

and interpret the nature of the numerical solutions in the cd

ntext of Rabbits and Foxes.

“S’M' gW, 0(14&47/] h MJ—?MMW

(d) Determine an initial rabbit and fox population at time 0 such that the 3D graph of the solution

(Angler’s view) is a shift of the 3D graph in problem 4b a

ong the t-axis. What connections

does this problem have to do with your study of antonomous first order differential equations?
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Unit 9: Introduction to Systems

5. (a) Suppose the current number of rabbits is 3 and the number of foxes is 0. Without using
any technology|and without making any calculations, whaﬁ does the system of rate of change

equations (same one as problem 4a) predict for the future n

your reasoning.

mber of rabbits and foxes? Explain

rabbets SM#»/,@;(WWW- f—t‘,}g’ = 3K

fawslw,a(u.o( %{E,O

(b) Use the same GeoGebra applet from problem 4b to generat@ the 3D plot and all three different
views or projections of the 3D plot. Show each graph and explain how each illustrates your

conclusion in problem 5a.

6. (a) What would it mean for the rabbit-fox system to be in equilibrium? Are there any equilibrium
solutions to this|system of rate of change equations? If s0, determine all equilibrium solutions
and generate the 3D and other views for each equilibrium sélution.

(00) @W/wm;_ (‘?’%> sta bl

(b) For single differential cquations, we classified equilibrium solutions as attractors, repellers, and
nodes. For each of the equilibrium solutions in the previous problem, create your own terms to
classify the equilibrium solutions in Ga and briefly explain jfour reasons hehind your choice of

terms.
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1OVE Unit 9: Introduction to Systems

7. A group of scientists wants to graphically display the predictidns for many different non-negative
initial conditions (this includes 0 values for R and F, but nof negative values) to the rabbit-fox
system of differential equations and they want to do so using only one set of axes. What one single
set of axes would yon recommend that they use (R — F — t axes, t — R axes, t — F axes, or R — F
axes)? Explain.
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Unit 9: Introduction to Systems

8. One view of solutions for studying solutions to systems of autdnomous differential equations is the

x — gy plane, called tﬁle phase plane. The phase plane, which ig
problem, is the a11alpg to the phase line for a single autonomou

(a) Consider the rabbit-fox system of differential equations an
phase plane (that is, the R-F plane), and the two points i
~are on the same solution curve. Recall that the solutions we

Ironter’s view from the crop duster
5 differential equation.

d a solution graph, as viewed in the
n the table below. These two points
ve seen in the past are closed curves,

but notice that| the solution could be moving clockwise / counterclockwise. Fill in the following

table and decic‘e which way the solution should be moving;

and explain your reasoning.

t | R | F |dR/dt|dF/dt | dF/dR

| o 2 5 | -241] 1.% -5

| 2.07 | 0.756 | 1.431 ASH | =S6l | —(.33
F

‘ ‘ : t =0
| 3

(b) On the same 8¢t of axes from problem 8a plot additional
state what is unique about these vectors.

48 = 3R - LARF

& _ _ Py OBRF

vectors at the following points and

R | F | dR/dt | dF/dt | dF/dR
335 | © 0 SR | Q
1250 | 3.
| 125 (1| A ®) o
125 12| 2% | © )
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Vector Fields

Slope fields are a (:olwcnll
autonomous differential eq
vector field shows a selecti
problem you plotted a fey
solution in the phase plan

v

9. On a grid where z

differential equations

and sketch in several

ent way to visualize solutions to a single
uations the equivalent representation is a v

.

and y both range from -3

n of vectors with the correct slope but with
such vectors but typically more vectors al

dx

dt
dy
dt

solution graphs in the phase plane.

N Y

fferential equation. For systems of

i
3ctor field. Similar to a slope field, a
a normalized length. In the previous
e needed to be able to visualize the

to 3, plot by hand a vector field for the system of

=i

—
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R Unit 9: Introduction to Systems
10. (a) You may have }noticed in problem 9 that along z = 0 all the vectors have the same slope.
Similarly for vectors along the y = x. Any line or curve along which vectors all have the same
slope is called an isocline. An isocline where da/dt = 0 is galled an x-nullcline because there
is the horizontal component to the vector is zero and hence the vector points straight up or
down. An isocline where dy/dt = 0 is called a y-nullcling because the vertical component of
the vector is zero and hence the vector points left or right. On a grid from -4 to 4 for both axes,
plot all nullclings for the following system:
dx . j—
pry :_31 — ldxy pd (5_(_.{\‘) Y- VA =
dy
— = —y+ 0.8z
7 Yy + U.8zy \I(—l*.gﬁ) x-_—_—‘is
Y
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.
(b) How do these ngllc]ines point to the cyclic nature of the Rapbit-Fox system?
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Unit 9: Introduction to Systems

11. A certain system of differential equations for the variables Rland S describes the interaction of
rabbits and sheep grazing in the same field. On the phase plane below, dashed lines show the R and

S nullclines along with their corresponding vectors.
(a) Identify the R nullclines and explain how you know.
(b) Identify the S Fullclines and explain how you know.
(c) Identify all equilibrium points.
(d) Notice that the nullclines carve out 4 different regions of fthe first quadrant of the RS planc.
In each of these 4 regions, add a prototypical-vector that sepresents the vectors in that region.

That is, if you|think the both R and S are increasing in & certain region then, draw a vector
pointing up and to the right for that region.

(¢) What doces this system scem to predict will happen to the frabbits and sheep in this field?
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