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Unit 14: Nonlinear Systems

In the Swing of Things

A pendulum is attached to
provocation, Debra takes a

1. If we call 8 the angu
is hanging straight d

a brief description of

lar position of the pendulum (where 8 = 0
own) and we call the velocity of the pendul
versus velocity graphp look like for a variety of different initial ve
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a wall in such a way that it is free to rotate a
baseball bat and hits it, giving it an initial
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IOIE Unit 14: Nonlinear Systems

Linearization and|Linear Stability Analysis

ia of nonlinear systems. To do this,
bions.

ns we will develop tools to analyze equilibr
ition by studying first order nonlinear equa

In the next several questi
we will first build our intu

n around a point of interest, z*, is
zation is that, when x =~ z*, that is,

7. Recall from Calculus that the linearization, L(h), of a functio
given by L(h) = f(x*) + hf'(z*). The key feature of the lineari
x=2x*+hfor h~ 0\" then f(x) =~ L(h).

on of f(x) = 1 —x2

Find the linearizati
around z* = 1.
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FO= \~1"=0o hEed = -24 40 = -2h
If x ~ 1, x can be \«Yl'itten asx=1+nh
where h ~ 0. Suppose x follows the | - ([,.‘.\,‘)7' -
differential equation 4% =1 — 22, Use
the linearization ahove to write down ) ~ (1+2h« L\L) &
a linear differential equation for %. I/‘ /_ 24n "'hh - -2 ~ht
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According to the
equation, what is
havior of h?

above differential
the long term be-
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loes the long term
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dt
term prediction about z.
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Applying Newton’s 2nd LcLVV of motion (where § = 0 corresponds to the downward vertical position and

counterclockwise couespo?ds to positive angles 0) yJeldb the differential equation

! 20 bdo g .
! ;it_z EE+ESIH(8)—O

where b is the coefficient (‘)f damping, m is the mass of the pendulum, g is the gravity constant, and [ is
the length of the pendulum (See homework problem 5 for a derivation of this equation). Estimating the
parameter values for the pendulum that Debra hits and changing this second order differential equation to

a system of differential eql*ations yields

| e
AL,

dt

d

d—: = —0.2v — sin(9)

3. How many equilibrium solutions does this system of differential équations have, where are they, and
based on the context what types of equilibrium solutions would you expect them to be? How does

this connect with your answer to 27

o 5. e <o o prochicsa s b gt

vzo  ond (sw ©=0 n%=®

4. You might recall that if 6 is small, sin(f) ~ 6. Explain why this is true and then use this fact to
approximate the abo © system with a linear system and classify th*: equilibrium solution at the origin.
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Classify the equilibrium point at 6 = 7.

unotahle romopondos Shamdiny shayhlh wp

6. Use the GeoGebra applet, https://ggbm. at/SpfDSc5Q, to approximate the range of initial velocities
[Elf, @] with zero initial dlqpla‘rcement that will result in the pendulum making exactly one complete rotation

before eventually coming to rest.
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Unit 14: Nonlinear Systems

(b) Why was it nec

b.acw.a.
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(c¢) Using lincarization to determine the stability of a critical p
sis.” Use a pha‘se line to corroborate your linear stability an

dx
(d) For an arbitrary system, o
use linear Stabi}ity analysis to determine the stability of th
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9. Consider the followi

(a) Algebraically fi
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(b) Tanesha used tl
field associated
the equilibria?
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essary to construct a new linearization to
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f(z) with an equilibrium pg

tudy z(0) =~ —17

oint is called “lincar stability analy-
alysis.

int at x = z*, describe how you can

e equilibrium point.

ot ondicsd part ord Lneanre

1g system:

— =1-z2 A

dt r

dy .
i -3z — 3y W

nd the equilibrium solutions.
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1c GeoGebra Vector field applet, https://geh

\Iaa-\

]

L 1
(

\/:

m.at/kKkNXUVds, to plot the vector

with the differential equation. Based on this

(-1,1

vector field, how would you classify
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We can also perform linea,

is, if (z,y) = (2" + hy,y* 4 ho) where hy = 0 and hs = 0, then

'

where f and f, are the

L(h1, he) is called the line:

10. Cousider the system

[

Let’s first study the equilibrium at (1,-1).

- stability analysis on a system of two or m
previous problem. Consider a function f(z, ), then Taylor’s theorem

(#,y) &~ L(h1, ha) = f(2",y") + ha fala®, y") 4
partial derivatives of f with respect to z and
arization of f(x,y) around (z*, y*).

of differential equations:

d_a": =1-—2°

dt

dy
—(‘j;— 3 3y

ore variables, such as the one in the
states that, if (x,y) = (2, y*), that

ho fy(z*,y")

y, respectively.

If the system had

—1, we could write x =
y = —1+ hg, with by =~ 0 and hg ~ 0.
Use the Hnearizatij)n of the original
system of equation

write down a system of differential
equations for hy anh ho

z(0) =~ 1 and y(0) =
1+ hy and

around (1,—1) to

) = 1-x*
flUx) = -2%

ar (=) —7
= -2h

1

= ”5h|'%7

hi and ho?

What arc the long [term behaviors of

What can you conclude about the long
term behaviors of x) and y?

according to your 1
Vsis.

Classify the equilibrium point (1, —1),

inear stability anal-
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11. (a) Consider again

dz

e [,
i v
dy
a——S‘E*Sy

Use lincar stability analysis to classify the equilibrium point at (—1.1).

M A h 2~N o
-3 =3-x

Mo L
b 73k -2y

(2-N(-3-M =0
A‘ 2,)\8 -3

(b) Combine your results from question 10 and 11a, to sketch alpossible phase planc for the system
of differential e(;uations. Does an analysis of the system usifig nullclines corroborate your linear

stability analysis?

e
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1ODE Unit 14: Nonlinear Systems

12. For a system of differential equations

dx
i = f(=,y)
dy
d; = g(z,y)

with an equilibrinm point at (2%, y*), the matrix

_ [fale® ") fy(a®,y*)
']—[gm(x*,y*) g;(w ]

is called the Jacobian matrix. Explain how you can use the Jacobian matrix to determine the
behavior of a the system of differential equations near (2*, y*).

M W‘ﬂ'\-‘— w"t‘ip‘”‘b

.

13. Use linear stability analysis to classify the critical points you found in the pendulum system.

dt 0 \ \
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