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Unit 13: Second Order Linear DEs

Second Order Linear Differential Equations

A second order linear differential equation has the form

d%y
dt?

d
YR

P(t) g

+Q(t) (t)y = G(t)

where P, ), R, and G ar
differential equation is a useful model. Your previous work with the
example. Here are some other examples. '

Glass Breaking: You protbably have all scen in cartoons or on Mythl
by singing a particular high-pitched note. The phenomenon that malki
Resonance results from thf‘; fact that the crystalline structures of cert

of vibration. An external force of the same frequency will “resonate”
increase in energy. For ingtance, if the frequency of a musical note

crystal wineglass, the glass will vibrate with increasing amplitude unt

. ‘,
model for understanding resonance:
d*z

oz + k% = cos(kt)

Tacoma Narrows Bridge: The Tacoma Narrows Bridge in Washi

suspended bridges built at| the time. The bridge connecting the Taco;
dramatic way on Thursday November 7, 1940. Winds of 35-46 miles/}1

e continuous functions. There are many &

ipplications for which this type of
spring mass problem was one such

busters where a wineglass is broken
es this possible is called resonance.
ain solids have natural frequencies
with the object and create a huge
matches the natural vibration of a
il it shatters. The following is one

ngton State was one of the largest
ma Narrows channel collapsed in a
lours produced an oscillation which

eventually broke the construction. The bridge began first to vibrate tor{sionally, giving it a twisting motion.

Later the vibrations entered a natural resonance (same term as in the g

is a simplified second order differential equation that models the situa

d?y

02 + dy = 2sin(2.1¢)

Sometimes resonance is a
as many different frequenc

There are many other situations that can be modeled with second or
RLC circuits, pendulums, |car springs bouncing, etc. In this section
order linear differential equations with constant coeflicients. That is,
constant. If G is zcro, then the cquation is called homogeneous. W
is called nonhomogeneous. As you will discover in the problems
homogeneous and non—hon[;ogcneous equations will be quite useful.

ass breaking) with the bridge. Here
ion of the Tacoma Bridge:

good thing! Violins, for instance, are designed so that their body resonates at
es as possible, which allows you to hear the

vibrations of the strings!

der differential equations, including
you will learn how to solve second
equations where 7, ¢, and R are
hen (7 is nonzero then the equation
hat follow, the distinction between
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Unit 13: Second Order Linear DEs

Guess and Test

1. (a) Read the following equations with meaning, by completing) the following sentence, “z(t) is a
function for WhiTh its second derivative ...” (try saying “itse]’f,” instead of “z”).
m‘;‘ .1—:::.6 o pluet Ban ¢ ; .
-ﬁu- & '6-1- 0 i & + 4 0 v d’z = lmé
= gw . — 4z = il x = L =
dt2 dt? T dt?

(b) For each dlffelenrtlal equation above, based on your reading
solution functions.

x= Cant
K= Sui

= Ym 24
S (o2t

R 1.

X
A

blem is to use the “guess and test” approa

2. Your task in this pro
second order, homogeneous differential equation

d%a
dt?

dz

10—
T40%

+ 92 =0

By now you know very well that solutions are functions. Whaf
whose sccond derivati
Explain briefly the ra

keep trying.

x= €4 7
K=" by (lupis e , and Hum aoguie
maus ¢ ¢ 9et

tionale for your guess and then test it out

+ 10 (-¢

s with meaning, find two different

V. &t’)(

ch to find a solution to the linear

is your best guess for a function

ve plus 10 times its first derivative plus 9 times the function itself sum to zero?

0 see i 1t works. If it doesn’t work

L.

=%

dj 4 q X
3. Determine if a conste

AF
X= At

nt multiple of your solution is also
-ACT

Xv( = A-C/—{‘

At 0CACT)

a qolut1§

« e v
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10DE Unit 13: Second Order Linear DEs

4. Try and find a different solution, one that is not a constant multiple of your solution to prdblem 2

Sle « (-90)e ¥ + 1= 0 V]

. : d*z dax
5. Determine the general solution to prl + IOE + 9% =0,

1(_.

-

X= e.(ewt * Ca @—-Q
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Unit 13: Second Order Linear DEs

6. Consider again the differential equation

o i
dt?

10— + 92 = 0.
=+ T + Yz

By guessing z(t) =

XN‘_; r

e show that this

guess yields a solution to the differen-

tial equation precisely when r? -+ 107+
g=0. -
4
X=€
‘. v+
X =rg
T rt

(2

e e F e o

e,""(r"—t 0
(c+4)

t q\ =0
Cr-.tq\ =0

Solve this quadrati
two different values

¢ equation to find
of r.

1

State two different
differential equati
value of .

solutions for the
n, one for each

__-at
X=e

wi AT
K= ¢

Form the general so

lution by multiply-

ing your two solutions by constants ¢ X &) - c—l e’”‘“— ~{ Ca 6—1:
and ¢y, and adding) the results. .
Congratulate yourself :) Y eo.
. : L : . 2¢ dx
7. Find the general solution to the following differential equation: e T x=0
ey, v rF_
e «vet-be =0
; -3¢ A
2 -

ert (¢ +r-6) = O = 0.e% + ol

(v +3) (r-2) =0

r=-3,  r=%
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The Nonhomogeneous Case

8. In this next problem

the differential equation from the first problem:

A2
dit?

ﬁ+10@+9:ﬂ=18.

dt

your task is to find a solution to the following nonhomogeneous version of

What is your best guess for a function whose second derivative plus 10 times its first derivative plus

9 times the function |itself sum to 187 Test out your guess to scd

trying.

A tonotant

01 10(0) r 4(A) =1Q

94 =13
A=

if it works. If it doesn’t work keep
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LODE i Unit 13: Second Order Linear DEs

The solution you found in‘the previous problem is called the particular solution to the nonhomogeneous
differential equation. To find the general solution to the nonhomogendous differential equation you simply
add the particular solution to the general solution to the corresponding homogeneous equation. This 3-
step strategy (1 - Find the general solution to the corresponding homogeneous equation; 2 - Find the
particular solution to the nonhomogeneous equation, 3 - Add the previous results) is called the Method
of Undetermined Coeflicients.
d%a dux : f..5
9. Write down the general solution to — Tl + 1OE + 92 = 18 and jgive a convincing argument for why
this sum is in fact a|solution is the nonhomogeneous differentiall equation.

W&(éswmw — WW&MG

XW)= e e e A coros alL pusalele

12z dz
10. Sean and Phil are Lriing to find the particular solution to % + L()]— + 91 = 85 Sm(ZL) Sean guesses
dt
x(t) = Asin(2t) for the particular solution and Phil guesses z(t) = B cos(2t).

(a) Do you think t‘lLese are reasonable guesses? Explain why ot why not.
lﬂM;'w, ‘ﬂ\a»’ won't wsde e g wf_dl.wf*a,a.:.,
ASun 2t . dratbie Mpw«duaa.em,anlm

Lersa.. &kmww%wum
(s d

(b) For each of thejr guesses, can you find a value of A or B stich that their guess is a solution? If
ves, write down the general solution. If no, come up with a different guess for the particular
solution and show that your guess is correct.

-5 A - 20 b £ %S

X=Aswi2t 1 B coo2t JoA+ST = O
X = dA oot - O 2L A=zl B=-Y
“= "‘l‘lﬂ'svu:«% — 4o 2t S’.‘;M%

~4Asw 2t ~ 46002t + 10 (DA 0002 ~ 352t ) +9 (A 5wkt Besol)
Sonzt(— 4A “Boi s ik )2 8S il 24
s 24-(- ~ 46} = 0 L0o24-
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11. Write down the gen

X =2 ¢

12. Find the general so

combining results fr

KNG = G e

2 ek g

13. An aside on complex numbers:

(a) Show that z(s)=
dz/ds = iz wit

X(s)= &>
X(s)=ie'

e = i(e

(b) The above result is called Euler’s formula. Multiplying by

the formula int
formula for el®

e(a-ﬁm: ] @dt(&fw (—-/5\‘:) 41 s (- /M_\B
2.2 (&MC[‘-"’) =i S«vw((’bﬂ)

V/

2
X
¢T L 10
Gz T

dx

aral solution to —
dt

2z dx

+ 10—
dt2 dt
om the previous problems.

ution to

e e

goloe fprtfulQ, f

X(S) = tao(s)
x'(s) =
(e () =

Xod =

o the following form: e+t = e (cos(Bt)
Bt

+ 92 = 85sin(2¢

Gl 4 g2t - Hcos

+ 92 = 85sin(2t)+1

-('le‘ "‘""Cbﬂo

).

2f

8. Explain why you can do this by

Sam il
= $in () * ( ego () The
(eonls) + i 8) =
[ €aols) — 1 S OO)
(v "Ct(ﬁ):( v

e and using s = ft, we can rewrite

+¢sin(St)). Use this to find a similar
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(¢) Suppose you have two functions:

Simplify the fo]\lowing expressions in (i) and (ii) then answi
A(t) + B(t)

1. :Ul(t) = —

€a+

B(t)

o+

(4@#—}) ]

i. €I (IL)

iz

iii. What do y

iv. If A(t) and

would (¢
¢y and ea?

Alt) — B(t)

= "1

How are. real

Z
>

2

“(2isipr)

2

i notice about your solutions in (i) and (ii

aﬁ + b@ +ex =
dt? dt o

and z5(¢) be solutions too? How about ¢

Gm/fof

A(t) = e™(cos(Bt) + i sin(Bt))
e*(cos(Bt) — isin(Bt))

pr (iii) and (iv).

___eldd:%/g_'_

, compared to A(t) and B(t)?

B(t) were solutions to a differential equatién of the form

0,

1 (t) + coxa(t) for arbitrary constants
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14. Find the general SOI‘

You will find that your guess results in complex roots to the
exponentiation of CT

2+ o

r=4s,
t -

¢, e

Cz

5.

1

(a) Consider the n

Suppose you w

guess of the form x(t) = A cos(5t) + Bsin(5¢) is doomed t¢

Whon L

(b) Nevertheless, e
sin(5t).

ution to the homogeneous differential equat

i
d*x -
—(it2 + 252 =10

mplex numbers to find the general solution
+—
r -0

-6 X () =

bs: g - xc*)

onhomogeneous differential equation

d?x
dt?

+ 252 = 10 cos(5t)

ish to find the particular solution to this d

JAot [0 two 5t

(¢) For an unknow
what do you n

LRI

(d) Explain why a

#ﬁSamMMon we Aud ok

1 differentiable function f(t), write down the
stice?

1= f+ €5 @)

guess of At cos(5¢) is insulficient to find the

on

uadratic. Use the above results on
to the differential equation.

¢ 8oy St + (o S St

lifferential equation. Explain why a

fail.

Lo v gl o
xplain why your particular solution must have terms that look like cos(5t) and

e Con St hw

first and second derivatives of £ f(t),

particular solution.

.
-
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(e) Use the guess u‘E(L) = t(A cos(5t) + Bsin(5t)) to find a parti

K= (AcaoStt B $SE) + 4 (epn

cular solution to the above equation.

St + 56 eapSt)

X)) = - SAMLSE 485 egoSt + (-sA fiSt + SB o St) +

4 (-2¢a

— OA S St «

Ast (A

/450 ( @:{

16. (a) Find the gener

0081 ~ 2SR g ST

I0® oSt -t {CPQ\;‘A-CL%’-

”?/Bm‘ Y - |
al solution to
BT | s = 1000 s(5t
i = CO ']
dt?

KQ% SiSE) +
) oS+

Xz €3ucSt + o Coost + t eaoSt
(b) Find the specific solution for initial conditions z(0) = 0, 2{(0) = 1.
Ko)= G o)+ (1) +o(y) =|l0 Cr =0
X'e) = Se, (1) + W 4 OO = |
Con 5+ CooSt  -Shlswmt
50,“:- | - .= -|§
X = 5 9nsSt ~ ¢ eooSet
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