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Matrix Notation;and Equilibrium Solutions fos

* Linear Systems

= ax+ by . .
determine the same set of
= cx -+ dy

dx "

— =ax

dt Y
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— =cx + dy

dt Y
One way to approach problem 3 is to think about there being an infinite munber of equilibrium solutions

0 =
when the two nullclines coincide. That is, when the equations
. ‘ . a

points. Put another way, the equations are dependent when y = —37

a

Thus,

As shown next, another way to arrive at this result is to use matrix not
are dependent when the determinant of the matrix is zero.

C
S which says that —ad = —cb. Rewriting this yields d

ar+by =0 — (@ b\ (x\
cx+dy =0 c df \y)
ar+by =10

Thus, the equations cx +Hdy =0

Is zero. That is, when ad — be = 0.

; . a b
arc dependent when the determinant of the coefficient matrix (; )

¢ y
cland y = —o% are the same equation.

d — bc = 0.

ation and the fact that two equations

)

L

d

Next, we develop an approach for finding the general solution to a system of differential equations of the

%5 = azx + by

Y =cx+dy
any straight line solution pefore finding the slope of the straight line s
tions). Note that in your|previous work you first found the slope of s

form by first finding the value of the exponent (that

the exponent. Some students have referred to this as the “slope first?

an alternative approach is developed the “cigenvalue first” method.

We develop this alternative method for four reasons:

is, the eigenvalue) associated with

olutions (typically called eigensolu-
fraight line solutions and then found
method. In the pages that follow,

e The cigenvalue first method can be used for systems of three o more differential equations whereas

the slope first method cannot.

e Oftentimes just knowing the eigenvalues is sufficient for understanding the overall picture of solutions

in the phase plane and so therefore this method is more efficient.
| {

¢ The eigenvalue first approach makes important connections with linear algebra.

e The eigenvalue first approach is algebraically more efficient.
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1ODE Unit 12: Eigentheory Applied to Linear Systems -
Eigenvalue First Method

dx

. T = axr+ by ; . .
For lincar systems of the form (f[; g dJ’ one way to determingthe exponent (i.c. A, the cigenvalue)
a0 = Y
for possible straight line solutions (or eigensolutions) is to use the fact that if cigensolutions exist in the

phase plane, then f{% = Ar and %g = Ay.

4. Explain why this has to be truc.

e dn SIMK.PM ifoﬂ'ﬂ:“"“

dx
o & = ar+by | . . . . .
Combining the fact | that g{, Gl 1 with the fact that for straight line solutions % = Az and
T = crtdy :
j—’g = Ay along the straight line, we can set up the following twa equations:
ar+by = Az
_ (4)
cx+dy = Ay

Rearranging these cguations we get ‘
(a=XNz+by =0 (
cx+(d— Ay =0

Note that although these equations look similar to the nullclinefequations, the coefficients are differ-
ent.

In order to get straight line solutions, with a particular value of A corresponding to an exponent from
the straight line solution, the equations from (5) need to be dependent.

. Explain why this has to be true.
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Rewriting these deijendenf. equations in slope form yields y %
a—=A _ c
b T T d—A

(i~ AT <ok =Time 11

=M~ (a+d)A+ (ad—bc) =0

A

—&2z and y = — gz and thus

. Rearranging this last equation we get the follawing:

:>)\:(a+d +v/(a + d)? — 4(ad

- be)

2

We can more efficiently obtain this same result using matrix notation and the fact that two equations

are dependent whel% the determinant of the coefficient matrix i$

zero as follows:

| s -0 AJ0-0
(a—A)+ by

. =0 . ; .
Thus, the equatloanmq " d Ay =0 are dependent when theldeterminant of the coefficient matrix

is zero. That is, thLn (a —=A)(d—=X)—be=0.
EXAMPLE: |

Determine the ‘[genera,l solution for the system of differenti?] equations

’ ETT = 4z + 2y
} o= 243y
using the "‘eige[hvalue first” approach.
In order to get cigensolutions, we need to have

da 4+ 2y = Az

z+3y = Ay
(4-Nz+2y = 0
+B3-Xy = 0

=( 52 @:(3) ®)

|
SA-NB-X)-2=0
\

(9)
=M -7A+10=0 (10)
=M =5)(A=2)=0 (11)
=A=2,1A=5 (12)
\
For A=2 \
: [,. dr +2y = 2z ; . _
Since these two equations o, are dependent, we dan use either one to determine the
r+3y = 2y
straight line of vectars (called eigenvectors) in the phase plane.|In this case, straight line solutions
are found along the ﬁine y=—zx.

T
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|
Any solution along|this line can therefore be written as
.’E(t) 2t 1
= kie” .
(y{t)) T (—1

Si e M2y =5
Since these two equations T+ 2y :TC
r+3y = by

straight line of vectors (called eigenvectors) in the phase pland. In this case, straight line solutions
are found along the line y = %:c

For A=5

are dependent, welcan use either one to determine the

Any solution along ‘this line can therefore be written as

(ote) =H= (3).
(i) =1 (L) + 0 ).

6. In the previous cxa.ﬁnp]e the general solution was determined ta be

) =ae(3) ).

What is the specific|solution for the initial condition (—3, —2)? Without using technology, sketch the
graph of this solution in the phase plane (for t — oc and as t & —o0) and explain how you figured
out what the graph looks like based on the equations for the solution.

The general solution is therefore

=3 = k(D + kD)
i, R ‘Ct) () * k2 COQ)

| ) ) G g
Ky + 2k2®-3 XU‘)) - -hej’“(_l‘)q— %es (_ l\
.—k\ -+ k_-,‘i._::-r'z 7('1')

S\Ux.. = -5

k.‘:-..-.'.S:
Y

K\ -+ a:;("%)s -3

Sam—————

P .!2:“"
Ki=-3+3 <3

Page 12.5




