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Unit 11: Damped and Undamped Linear Systems

Spiraling Solutions - Spring Mass Revisited

In a previous problem we applied Newton’s law of motion for a spring
2
. “r  bdr k . :
order differential equation — + ——+ —x = 0, where z is the posit

2 1 ™
of the spring, m is the mass of the object, b is the damping coefﬁcienl

the fact that velocity is the derivative of position and choosing the
k = 2. we converted this to the following system of two differential o
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We were able to figure out the z(¢) and y(t) equations when the valu
that there were straight line solutions in the phase plane. Such a
overdamped. The situation is called damped when the differential @
oscillate about the 0 position and undamped when there is no frictio
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mass system and obtained the second

ion of the object attached to the end

and k is the spring constant. Using
ass m = 1 and the spring constant
uations:
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e of the friction parameter was such
situation is typically referred to as
quations predict that the mass will
n. In the following problems we fig-

ure out the z(f) and y(¢) cquations for the damped. We consider the undamped situation in the homework.

The vector field for the case when b = 2 is shown below. Based on
differential equations predict that the mass will oscillate back and fa

this vector field, it appears that the
rth. Even though there are not any

straight line solutions, we can still use the same algebraic approach as before to get the x(t) and y(t)

equations for any initial condition, but we will have to deal complex 1
to do this.

iumbers. Problems 1-7 outline a way
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1. For the system of differential equations
dr .
dt 7
W _9p 9
ol |
dt ¥

use the.same algebraic approach as before to verify that the slopes of the “straight line” solutions

are —1 4 1.
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2. For solutions with ‘straight line” slope y = (=1 + 4)x, find the
complex numbers) fpr the solution along this “straight line” wit

X = e’[-lﬂ')t’

\l= (_ ,"tl)—(, ("l'tl')t

3. For solutions with “straight line” slope y = (—1 — #)a, find the

—2.

P

A

x(t) and y(t) equations (in terms of
h initial condition (1,—1 + ).

2(t) and y(t) equations (in terms of

complex numbers) f%)r the solution along this “straight line” with initial condition (1,—1 — ).
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4. Use Euler’s formula e¢til = gteib

= e“e” = e*(cosb + isinbd) to rewriL;e the z(¢) and y(t) equations from

problem 2 (call these x1(t) and y;(¢)) and then again from problem 3 (call these wo(t) and ys(t)).

(~) i +t 3
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5. Denise suggests that, if you add ( il )) to (TQ( )) the resulting pair of equations is (i) real valued

yi(t) ya(t)
and (ii) a solution to the same system of differential equations.

.-l-(m{_ -rrSwvf‘)
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" (2cant)

. . i tl(t)) (.’L'Q(t)) i
6. Verify that if you subtract from and multipl
¥ SRR (yl(t) ya(t) b

then the resulting pair of equations will be a real and a solutio
equations.

[&(wé + 0 SM—")
c* (—wot[-f ] W)

eﬂb{ﬂ.fwnﬁf?") ~ 1 o (x)

£H(ast) - (ask)

Verify that this is true.

the result by the complex number 4,

n {o the same system of differential
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7.

(a) Form the gene
dz
—_— y

dy

— =2z -2
dt Ty
(b) What aspect of your general solution could be interpreted

mass system?
(c) Find the particular solution for the initial condition (2,

graphs.

'al solution to the system of differential equations

as the effect of friction on the spring

3) and sketch the x vs t and y vs ¢

2 Couacs socllatn, b deay , so fheo catd e
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