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Analyzing Rational Functions (continued) 
 
Properties: Domain and range 
Vertical asymptotes and holes (factors that cancel) 
Horizontal and oblique/slant asymptotes 
Intercepts 
 
Sign diagrams 
 
Example. 

𝑓(𝑥) =
4

𝑥 + 2
 

Domain: (−∞,−2) ∪ (−2,∞) 
VA: x= -2 
No holes (no factors can cancel) 
HA: 𝑦 = 0 
No x-intercepts because the function can never zero 
y-intercept: when x=0, y=4/2 = 2  (0,2) 
 

 
 
Example. 



𝑓(𝑥) =
5𝑥

6 − 2𝑥
 

 
Domain: 6 − 2𝑥 ≠ 0,2𝑥 ≠ 6, 𝑥 ≠ 3 → (−∞,3) ∪ (3,∞) 
VA: x=3 
No holes 

HA: 
5

−2
= −

5

2
= 𝑦 

Intercepts: 
𝑥 = 0, 𝑦 = 0 

 

 
 
Example. 

𝑓(𝑥) =
1

𝑥2 + 𝑥 − 12
 

 
Domain: 𝑥2 + 𝑥 − 12 = 0 → (𝑥 + 4)(𝑥 − 3) = 0 → 𝑥 = 3,−4… → (−∞,−4) ∪ (−4,3) ∪ (3,∞) 
VA: 𝑥 = 3, 𝑥 = −4 
HA: y=0 

Intercepts: no x-intercepts, y-intercept when x=0, 𝑦 =
1

−12
 

 



 

 
 
Example. 

𝑓(𝑥) =
4𝑥

𝑥2 + 4
 

 
Domain: all reals 
VA: none, no holes 
HA: 𝑦 = 0 
Intercepts: x-intercept when x=0, (0,0) (also y-intercept) 
 
Sign chart 
Sign changes when the numerator or the denominator is equal to 0. 
 
 
 



 

 
 
Example. 

𝑓(𝑥) =
𝑥2 − 𝑥

3 − 𝑥
=
𝑥(𝑥 − 1)

3 − 𝑥
= −

𝑥(𝑥 − 1)

𝑥 − 3
 

 
Domain: 𝑥 ≠ 3, (−∞, 3) ∪ (3,∞) 
VA: 𝑥 = 3 
No holes 
No HA, is a slant asymptote 
 

 

−𝑥 − 2 −
6

𝑥 − 3
 

SA: 𝑦 = −𝑥 − 2 
Intercepts: x-intercepts at x=0, x=1 



 
 
Example. 

𝑓(𝑥) =
𝑥3 + 2𝑥2 + 𝑥

𝑥2 − 𝑥 − 2
=
𝑥(𝑥2 + 2𝑥 + 1)

(𝑥 − 2)(𝑥 + 1)
=

𝑥(𝑥 + 1)2

(𝑥 − 2)(𝑥 + 1)
=
𝑥(𝑥 + 1)

𝑥 − 2
=
𝑥2 + 𝑥

𝑥 − 2
 

 
Domain: (−∞,−1) ∪ (−1,2) ∪ (2,∞) 
VA: 𝑥 = 2 
Hole: 𝑥 = −1 (that’s the factor that cancelled) (-1,0) 
HA: none 
SA: 𝑦 = 𝑥 + 3 
 



 

𝑥 + 3 +
6

𝑥 − 2
 

 
Intercepts: (0,0) 

 
 

 
 


