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Integration by Parts
Trigonometric Integrals

Integration by Parts
Integration by parts is a technique based on the product rule. U-substitution also involves products
9’ (x)f(g(x)), but integration by parts is for products that are not related to each other: f (x)g(x).

One example of the difference:

U-sub: fxexzdx in this case, the derivative of x? is 2x, and the x out front is just a scalar multiple of
that.

By parts: [ xe* dx in this case, the x out front is not related to the derivative of a composite function.

(w) =u'v+v'u

j(uv)' = J(u’v +v'u)
uv=fu’v+fv’u
fudv=uv—fvdu

Our task will be to choose u and dv functions so that the resulting new integral is easier to integrate.

LIATE

-Logs

-Inverse Trig Functions
-Algebraic

-Trig

-Exponential

When choosing the u function start at the top and work your way down.
When choosing dv start at the bottom.

Log and Inverse trig functions do not have integrals for these stand-alone functions.
But, we do have derivative rules for them.

Algebraic functions separate out into at least two subcategories:
-polynomials

-rational or radical functions

The polynomials are better for u since they will disappear if you take the derivative enough times.



Trig functions they will change but they won’t disappear when you integrate or take the derivative.

The exponential function doesn’t really change at all, but it won’t necessarily become more complicated
when you integrate.

Example.

fxexdx
Chooseuanddv: u = x,dv = e*dx

du=dx,v=fdv=fexdx=ex

fxexdxzxex—jexdxzxex—ex+C

fudv =uv— | vdu

Example.

fxz sinx dx =

u=x?%dv=sinxdx
du = 2xdx,v = —cosx

—xzcosx—f—Zxcosxdx=—xzcosx+f2xcosxdx=

u = 2x,dv = cosx dx
du = 2dx,v = sinx

—x2cosx + 2xsinx —stinxdx = —x?cosx + 2xsinx +2cosx + C

Example.

f arcsin x dx

u = arcsinx,dv = dx

du = —dx,v=x
V1 —x2
. j X d
xarcsinx — | ———dx
V1 —x?

This second integral | can integrate by substitution.



1
W:1—x2,dw=—2xdx—>—§dwzxdx
X 1 /1 1 1 1 1
—dxzf——(—)dwz ——fw_fdwz ——<2w7)= W = —1— 2
f\/1—x2 Vw \2 2 2

farcsinxdx = xarcsinx ++1—x2+C

Not all combinations of functions will work:

fexlnxdx

u=Inx,dv=e*
1

du =—dx,v=e*
x

ex
e*lnx — f—dx
x

We still can’t integrate this. If | continue, | will either get back to where | started, or it will get worse.

Example.
f x3e* dx
Normal guess:
u=x3dv = e*dx
This isn’t going to work because we can’t integrate e*’ by itself.

2
u=x?dv=xe* dx

1 .
du = 2xdx,v = Eex

fxexzdx

1
w = x?,dw = 2xdx —>Edw = xdx

We obtained this by substitution:

jlewdw = le"" = lex2
2 2 2

By parts formula:

Example:



fexsinxdx =

u =sinx,dv = e*dx
du = cosxdx,v = e*

e*sinx — f e*cosxdx

u=cosx,dv =e*dx
du = —sinxdx,v = e”*

fexsinxdx =e*sinx — [excosx—f—exsinxdx]

f e*sinxdx = e*sinx —e*cosx — f e*sinx dx
Add the integral (on the right) to both sides of the equation:
fe"sinxdx + f e*sinxdx = e*sinx —e*cosx — f e*sinxdx + f e*sinx dx
2 f e*sinxdx = e*sinx — e* cosx

[e*sinx —e*cosx]+ C

N| =

fexsinxdx =

Odd powers of secant also work this way.
Tabular Method
Is a method of doing several steps of integration by parts quickly, it works in certain cases: typically the u

function is a polynomial, and the dv function has to be integrable alone (no substitutions)

Examples that work with method:

fxse3xdx,fx4 COS X dx,f(x?’ + 2x — 1)Vx + 2dx

sign u dv
+ > x5 ~—_ e3x
- . 5x4’ \ 1
I E— ~ —e3x
+ 20X3\\\—‘> %
/——\ \ §esx
_ 60x2 ~ 1
P _—> _ 53x
~_ > 27°¢

s



+ 120x 1
\ _ ,3x
\\ 81°
i 120 ~ 1 e
2 o~ 243
" 0 ~ 1 e
729
Alternating signs
Differentiate u until it goes to 0
Integrate dv
1 5 20 60 120 120
5,3x — _,5,3x __ ,4,3x — 3,3 x " ,2,3x - 3x _ "~ ,3x I
fxe 3xe 9xe +27xe 81xe +243xe 7296’ +

There are some problems that can be done with either integration by parts or change of variable:
f x2Vx + 2dx

For integration by parts: u = x2,dv = Vx + 2 = (x + 2)1/?
For change of variable: u = Vx + 2, u? = x + 2,x = u? — 2,dx = 2udu
Trigonometric Integrals

In most cases, we are applying identities to set up for u-substitution or applying another identity.
Pythagorean identities, or power reducing identities.

cos?x +sinx =1
1+ tan® x = sec® x
cot?x 4+ 1 =csc?x

) 1
sin?x = 5(1 — c0s 2x)

1
cos?x = 5(1 + cos 2x)

sin2x = 2sinx cosx
cos2x = cos?x —sin?x = 2cos?x —1=1—2sin’x

When working with cosine and sine functions only:
1) Odd power of sine
2) 0Odd power of cosine
3) Even powers of both sine and cosine

1) If there is an odd power of sine, pull out one copy to be du, and convert any remaining sines to
cosines using the Pythagorean identity

jsin3 x cos? xdx = _[ sin x cos? x (sinx dx) = f(l — cos? x) cos? x (sin x dx)



2)

3)

u=cosx,du =—sinxdx

If there is an odd power of cosine, pull out one copy to be du, and convert any remaining cosines
to sines using the Pythagorean identity

f sin? x cos3 x dx = f sin? x cos? x (cosx dx) = f sin? x (1 — sin? x)(cos x dx)
u = sinx,du = cosx dx

If they are both odd, you have a choice. | recommend converting to sines because you don’t
have the extra negative to deal with.

If you have only even powers: then you need to apply the power reducing identities until you get
all linear functions of cosines

1 1
f sin? x cos? x dx = ff(l — cos 2x)§(1 + cos 2x)dx =

1]1 22d—1f1 L1+ cos 4x)d
4 COoS xx—4 2 cos4x)ax

From here, simplify, and then finish integrating.

Tangent and secant integrals:

1)
2)
3)

1)

3)

Even secants
Odd tangents
0Odd secants with even tangents (or none)

The derivative of tangent is secant-squared, so pull out a pair of secants, and convert the rest to
tangents.

f sec* xtanx dx = f sec? x tanx (sec? x dx) = f(l + tan? x) tan x (sec? x dx)
u =tanx,du = sec? x dx

Pull out one secant and one tangent to be du, and then covert the remaining even tangents to
secants.

f sec3xtan3 x dx = f sec? x tan? x (secx tan x dx) = f sec? x (sec? x — 1)(secx tan x dx)

u =secx,du = secxtanxdx

This integral “loops” with integration by parts and is extremely unfun.

Look at the example for [ sec3 x dx

The cosecant and cotangent examples follow exactly the same rules as for tangent and secant.



