
MTH 267, Final Exam, Fall 2022   Name _______________________________________  
 
Instructions: Show all work. Give exact answers unless specifically asked to round. All complex numbers 
should be stated in standard form, and all complex fractions should be simplified. If you do not show 
work, problems will be graded as “all or nothing” for the answer only; partial credit will not be possible 
and any credit awarded for the work will not be available. 
 

1. Solve the linear ODE 2𝑦′ + 𝑦 = 3𝑡 using an integrating factor. (12 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 

2. Use Runge-Kutta on 𝑦′ = 𝑥𝑦, 𝑦(0) = 1 for one step with step size ℎ = 0.2. (15 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3. Determine if the set of solutions 𝑓1(𝑡) = 2𝑡 − 3, 𝑓2(𝑡) = 𝑡3 + 1, 𝑓3(𝑡) = 2𝑡2 − 𝑡, 𝑓4(𝑡) = 𝑡2 +
𝑡 + 1, are linearly independent. (15 points) 

 
 
 
 
 
 
 
 
 



4. Solve the homogeneous second order ODE 𝑦′′ + 4𝑦′ + 3𝑦 = 0, 𝑦(0) = 2, 𝑦′(0) = −1. (12 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5. Solve the differential equation  2𝑦𝐼𝑉 + 13𝑦′′′ − 5𝑦′′ + 13𝑦′ − 7𝑦 = 0 (15 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6. A mass weighing 64 lbs stretches a spring 9 in.  The mass is attached to a viscous damper with a 
damping constant of 6 lbs∙sec/ft.   

a. If the mass is set in motion from its equilibrium position with a downward velocity of 1 
in/sec, find its position y at any time t.   (16 points) 

 
 
 
 
 
 
 

b. Sketch the graph of the function.  (5 points) 
 
 
 
 
 



c. Is it undamped, underdamped, critically damped or overdamped?  How can you tell? (5 points) 
 
 
 
 
 

d.  Does the system experience resonance, beats or neither? (5 points) 
 
 
 
 
 

e. What is the transient solution?  (3 points) 
 
 
 
 
 

f. What is the steady state solution? (3 points) 
 
 
 
 
 
 
 

7. Use the definition of Laplace transforms to find the transform F(s) for the function 𝑓(𝑡) = 𝑡𝑒𝑡.  
You may check your answers with the included table, but you must show the integration work to 
receive credit. (15 points) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



8. Find the Laplace Transforms for the following functions.  You may use the table of formulas. (5 
points each) 
a. ℒ{3 cos(7𝑡)} 

 
 

b. ℒ {−
1

2
𝑡4𝑒−2𝑡} 

 
 

c. ℒ{6sinh⁡(𝜋𝑡)} 
 
 
 

d. ℒ{3𝑡⁡cosh⁡(𝑡)} 
 
 
 

e. ℒ{4𝑢3(𝑡) − 2𝑢5(𝑡)} 
 
 
 

9. Find the inverse Laplace transform of the following functions. (5 points each) 

a. ℒ−1 {
2𝑠−1

𝑠2+4
} 

 
 
 

b. ℒ−1 {
4𝑠

𝑠2−6𝑠+7
} 

 
 
 
 

c. ℒ−1 {
𝑒−2𝑠

𝑠2
} 

 
 
 
 

d. ℒ−1 {
3𝑠−7

𝑠2+4𝑠+8
} 

 
 
 
 

e. ℒ−1 {
10

(𝑠−4)7
} 

 
 
 
 



10. Solve the differential equations using Laplace Transforms. (15 points each) 
a. 𝑦′′ + 6𝑦′ − 7𝑦 = 𝑡𝑒𝑡, 𝑦(0) = 0, 𝑦′(0) = 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b. 𝑦′′ − 5𝑦′ + 6𝑦 = 𝑓(𝑡), 𝑦(0) = 1, 𝑦′(0) = 0, for 𝑓(𝑡) = {
0, 0 ≤ 𝑡 < 3
4,⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑡 ≥ 3

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

11. Find the inverse Laplace transform of 𝐹(𝑠) =
5

𝑠4+49𝑠2
  using convolutions. (10 points) 

 
 
 
 
 
 
 
 



12. Solve the systems of equations for the general solution below using eigenvalues.  Be sure that 
your solutions are expressed only with real-valued functions. (14 points each) 

a. 𝑥⃗′(𝑡) = (
3 2
3 4

) 𝑥⃗ 

 
 
 
 
 
 
 
 
 
 
 
 
 

b. 𝑥⃗′(𝑡) = (
−8 9
−5 4

) 𝑥⃗ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

13. Solve the differential equation 
𝑑𝑦

𝑑𝑡
=

𝑡√1−𝑦2

𝑒2𝑡
 using separation of variables. (15 points) 

 
 
 
 
 
 
 
 

 
 
 



14. A series of phase portraits for a system of linear ODEs is shown below. (9 points) 

  
 
  A    B    C 
 
Match the phase portrait with one of the differentia equations below that could be represented 
by the graph. Explain your reasoning. 
 
a. 𝑦′′ + 3𝑦 = 0 

 
 
 
 
 

b. 𝑦′′ + 4𝑦′ + 3𝑦 = 0 
 
 
 
 
 

c. 𝑦′′ + 2𝑦′ + 5𝑦 = 0 
 
 

 
 
 
 
 
 

 
15. Use the Existence and Uniqueness Theorem to determine where the differential equation      

𝑦′ =
2√1−𝑦2

𝑥2
 is guaranteed to have a unique solution.  Sketch the graph of the region. (12 points) 

 
 
 
 
 



Modified Euler’: 𝑦𝑛+1 = 𝑦𝑛 + ℎ𝑓 [𝑡𝑛 +
1

2
ℎ, 𝑦𝑛 +

1

2
ℎ𝑓(𝑡𝑛, 𝑦𝑛)] 

 
 

Runge-Kutta: 𝑦𝑛+1 = 𝑦𝑛 + ℎ (
𝑘𝑛1+2𝑘𝑛2+2𝑘𝑛3+𝑘𝑛4

6
),⁡ 

𝑘𝑛1 = 𝑓(𝑡𝑛, 𝑦𝑛), 𝑘𝑛2 = ⁡𝑓 (𝑡𝑛 +
1

2
ℎ, 𝑦𝑛 +

1

2
ℎ𝑘𝑛1) ,

𝑘𝑛3 = ⁡𝑓 (𝑡𝑛 +
1

2
ℎ, 𝑦𝑛 +

1

2
ℎ𝑘𝑛2) , 𝑘𝑛4 = 𝑓(𝑡𝑛 + ℎ, 𝑦𝑛 + ℎ𝑘𝑛3) 

 
 
 


