Betsy McCall
Relative & Absolute Extrema in Two or More Variables

Relative Extrema.

Functions of one variable are easy. You take a derivative, set it equal zero to find the critical points. And
the sign of the second derivative tells you whether the critical point is a maximum or a minimum. While,
you’re second derivative might be zero, and thus, you’ll have to determine what’s going on at the critical
point some other way, this is basically all there is when it comes to finding relative extrema.

But when it comes to two or more variables, things get more complicated. We have more than one first
partial derivative, and more than one second derivative. But we still do need all the first partials to be equal
to zero. Let’s look at an example with two variables.

Example 1. Find the critical points of (X, y) = x> —xy +3x—6y +4y’.
The first step is to find the first partials.

f,(X,y)=2x-y+3
f,(X,y)=-x+8y-6

If both of these are set equal to zero, we have a system of equation, a linear system in this case.

{2x—y+3=0 { 2x—y=-3

3 3 6
—x+8y—6=0_) _2x_|_16y=12—>15y=9—>y=§—>—x+8(—)—6=0—>x:_g

5
Our critical point then is (—gg) Because the system is linear, there is only one critical point. (As long
as the degree of the polynomial doesn’t exceed degree two, a linear system is to be expected.)

To determine what kind of critical point this is: is it a minimum or a maximum we will need second
derivatives. In equations more two or more variables, we could also have a saddle point (a point where the
second derivatives of the two equations are going in opposite directions), and, of course, we could have a
situation where we can’t tell what is happening.

Find the all the second partials. This is a well-behaved function, so fXy = fyx S0 we just need one of these.

f (X y)=2
fxy (X! y) =-1
f,(xy)=8

If the second derivatives depend on any variables, we will need to plug in the critical point and consider the
second derivative test separately for each point.

The second partials test is also sometimes called the D-test. It looks like this for two variables:
2
fof, —(f,) =D
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If D > 0 then the critical point is either a maximum or a minimum. If D < 0 then the critical point is a saddle
point. If D = 0, then the second partials test fails, and we will have to use other means to determine what
is happening: a graph, for instance. This latter case does not occur terribly often in textbook materials.

In this example, the second derivatives are already constants, so we can calculate D:
(2)(8)-(-1)*=16-1=15
This is greater than zero, and so the critical point is either a maximum or a minimum. To determine which

of these look at the sign of f,, (or fyy: they will give you the same info). If f_ > 0 then the graph is

concave up, and so the critical point is a minimum; if f, <0 then the graph is concave down, and so the
critical point is a minimum, just like with equations of one variable.

The last step is to put the critical point back into the function to get the three-dimensional point where the

minimum occurs: (—9 3 —E)
- 5J5J 5 .

That was a relatively easy example, so let’s look at one with more than one critical point.
Example 2. Find the critical points of f(x,y)=y®—-3yx*-3y*—3x*+1
Find the first partials.

f,(X,y) =—6yx—6x

2 2
f,(x,y)=3y" —3x" -6y
Solve the system by setting the equations equal to zero. Remember that when solving, especially in these

non-linear systems, factor out variables, don’t divide them out. If the variable could be zero, you will lose
that information and not find all the critical points.

{—6yx—6x=0 {yx+x:0
=

= Xx(y+1)=0
3y?-3x°-6y=0 |y*-2y-x*=0 (y+1)

So far, we have x=0 or y=-1. Let’s try these in the second equation.

y*=2y—(0)"=0=y(y-2)=0
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If x=0, then y=0 or y=-2. Two possible points here: (0,0), and (0,-2). Let’s try the other one possible
value from the first equation.

(12 -2(-1)-x*=0=>x*=1+2=> x> =3=Xx=+3
We have two more points from this: (\/5 —1),(—\/5, —1).

So now we need the second partials.

f (X, y)=—6y—6
fy (X, y) =—6X
f, (x,y)=6y-6

We need values for all four critical points to calculate D.

f_(0,0)=-6(0)—6=—-6 f (0,-2)=-6(-2)-6=12-6=6
f,(0,0)=-6(0) =0 f,(0,~2) =-6(0)=0
f,,(0,0)=6(0)—6=—-6 f,(0,-2)=6(-2)-6=-12-6=-18

f (v3,-1)=—6(-1)-6=6-6=0 f (—/3,-1)=—6(-1)-6=6-6=0
f,,(V3,1) =—6(/3) =63 f,y(~V/3,-1) =-6(~/3) =63
f,,(v3,-1)=6(-1)-6=-6-6=-12 f,(—3,-1)=6(-1)-6=-6-6=-12

For (0,0), D= (-6)(-6)-0 = 36. This is >0, so it’s a maximum or a minimum. Since f, <0, thisis a
maximum. For (0,-2), D= (6)(-18)-0 = -108. Thisis <0, so this is a saddle point. For the other two points,
both give the same D value: -108. These are also saddle points.

It ]

t views of the equation we just solve 5@
either side of the y-axis, and the central pedk: eeane
the critical point along the y-axis, and one of the symmetrie

ry graphing the equation yourself on GraphCalc to manipula

The graphs are
symmetric saddle
rotated so that
well as the centriél|pea

better see what is going on.
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The D-test formula can also be written as a matrix. It’s the determinant of the second partials matrix:

f, f
det|:f f):/yyi|= fxxfyy_(fxy)z-

yXx

The matrix form is how we can generalize this to equations with more than two variables. Critical points
are still found from all the first partials being set equal zero. The second partials test is used to determine
if we have a max/min, a saddle point, or cannot be determined just as with two variables. If the determinant
of our second partials matrix > 0, then we have a max/min; if the determinant < 0, then we have a saddle
point; and if the determinant = 0, then the test fails.

For three variables, the matrix looks like this:

fXX fX fXZ
det| f,, fyz fo | = Fo(Fy F— £t )= f (Ffon = £ T )+ o (£, F, = F, 1)
fzx fzy fzz

Keep in mind that the mixed second partials are not likely to be the same, so you will need to be careful of
the order you are differentiating in, and you will need all nine of them.

Practice Problems. Find all the critical points of each function, and use the second partials test to
determine whether each critical point is a maximum, a minimum, a saddle point, or if the test fails. For #8,
this equation is a hyperparaboloid (i.e. a 4-dimensional paraboloid); you can check the solution even if you
can’t graph it, by finding the vertex (generalize from the 3-dimensional case). However, trying doing it by
the D-test.

1. f(x,y)=xy
f(X,y)=2x>+2xy+ Yy’ +2x-3

2

3 f(xy)=\+y?

4. f(xy)=(x"+4y* )"

5. f(x,y)=x>+y°

6 f(x,y):x23+y%

7. f(Xy)=x+y>—6x*+9y* +12x+27y+19
8. f(x y,z)=x2+(y—3)2+(z+1)2

Absolute Extrema.

With absolute extrema with one variable, we found our critical points, checked to see that they were on the
interval we were interested in, and then also checked the endpoints of the interval. We put all these values
into the original function and compared the values we got. We do something similar with two variables (or
more), but we have to use the D-test to check the critical points. Our “intervals” are now regions in two
dimensions. The regions are bounded by equations and may be described in words, or in sent notation with
nonlinear inequalities. We will use these equations to reduce our original function to one variable, and test
for one-dimensional critical points. And, we will have to test any places where our boundary functions
meet. This process can be generalized to higher dimensions, but we will only be considering the two-
variable case.
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Example 3. Find the absolute extrema of the function f (X, y) =3x*+2y? —4y on the region
R:{(x,y)|y=>x*and y<4}.

The first thing to do is find any critical points.

i)
o
—

f.(X,y)=6x=x=0
f,(xy)=4y-4=4y=4=y=1

So we find a critical point at (0,1). Is this in the region? Yes, so keep it.
Incidentally, by the D-test, this is a minimum on the region, so what we
are looking for on the boundary will be a maximum. If we had more
than one point or a saddle point, we could not conclude this. We will
check the result numerically at the end anyway.

—
[

Now we need to test the boundary conditions. One boundary is at the line y=4. Put this value into the f
equation and reduce to just a function of x.

f(x,4) =3x2+2(4)* —4(4) =3x* +32-16 =3x* +16

Taking the first derivative, we get f'(x,4) =6x, which has a critical point at x=0. So now we have the
point (0,4) to test later.

The second boundary is y = x*, so make this replacement.
f(x,x%) =3x* +2(x?)” —4(x?) =3x* +2x* —4x* =2x* - x°

Taking the first derivative, we get f'(x, x*) =8x® —2x = 2x(4x* —1) . This function has critical points

at x=0: (0,0), and at i%: (%%)[—%%j . The graphs intersect at (2,4), and (-2,4). This gives us,

finally, seven points to test in the original function.

f(0,1)=3(0)° +2(1)° -4() =2-4=-2 f ( 1 1} 3[ 1)2 2(1)2 4(1j 1
—_—,— |= I + —_ — —_ | ==

f(0,4) =3(0)* +2(4)* —4(4) =32-16=16 2 4 2 4 4 8

f(0,0) =3(0)* +2(0)*-4(0)=0 f(2,4)=3(2)* +2(4)* —4(4) =12+32-16 =28

f(E’EJZB(ET+2(1J2_4(1j:_1 f(-2,4) =3(-2)* +2(4)* - 4(4) = 28
2 4 2 4 4 8

As expected, the minimum on the region at (0,1,-2) is the absolute minimum. And the absolute maximum
on the region occurs at the intersections of the boundary conditions, (2,4,28) and (-2,4,28). Since the two
values are the same, both are absolute maxima.

Practice Problems. Find the absolute extrema for each function on the indicated region.
9. f(x,y)=x*+xy,R:{(x,y)|2<x<2,-1<y<1}
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10. f(Xx,y)=12-3x—2y on the region bounded by the triangle with vertices (2,0), (0,1) and
(1,2).

11 f(x,y)=2x=2xy+y*, R:{(x,y)|y= x>, y<1}

12. f(X,y)=x>+2xy+y*, R:{(x,y)| x* +y* <8}
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